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Abstract 

We study the classical solutions of three dimensional topologically 
massive gravity (TMG) and its higher spin generalization, in the first 
order formulation. The action of higher spin TMG has been proposed 
in [T2] to be of a Chern-Simons-like form. The equations of motion 
are more complicated than the ones in pure higher spin AdS3 gravity, 
but are still tractable. As all the solutions in higher spin gravity are 
automatically the solutions of higher spin TMG, we focus on other 
solutions. We manage to find the AdS pp-wave solutions with higher 
spin hair, and find that the nonvanishing higher spin fields may or 
may not modify the pp-wave geometry. In order to discuss the warped 
spacetime, we introduce the notion of special Killing vector, which is 
defined to be the symmetry on the frame-like fields. We reproduce 
various warped spacetimes of TMG in our framework, with the help of 
special Killing vectors. 
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1 Introduction 

Three dimensional topologically massive gravity(TMG)[T] [2] provides an 
interesting modification of Einstein's general relativity. Besides the Einstein- 
Hilbert term and the cosmological constant A, the action of TMG theory 
includes also a gravitational Chern-Simons term 

Itmg = I eh + Ics 



Unlike the usual three-dimensional pure gravity which has no local degree 
of freedom, there is generically a massive propagating degree of freedom in 
TMG. The equation of motion in TMG is a third order differential equa- 
tion, involving the Cotton tensor. As a result, the usual solutions of the 
Einstein gravity with/without a cosmological constant, which must be of a 
Einstein metric, are also the solutions of the TMG theory. Moreover there 
are new solutions which has nonvanishing Cotton tensor [3]. For the TMG 
with a cosmological constant, these solutions include the spacelike, timelike, 
null warped spacetimes, AdS pp-wave and also regular black hole solutions. 
Though the full classification of the solutions of the TMG theory has not 
been achieved, much progress has been made in the past few years. Es- 
pecially, in H 13 I], the Petrov-Segre classification of 3D TMG has been 
discussed carefully. 

On the other hand, there has been much progress on the higher spin 
AdS3 gravity in the past two years. In 3D, the higher spin gravity is simpler 
and could be put into a Chern-Simons form even for finite spin. In a remark- 
able paper [7], the authors showed that the high spin AdS3 gravity theory 
with spin up to n could be written as a Chern-Simons gravity theory with 
SL(n, R) x SL(n, R) gauge group. By imposing appropriate boundary condi- 
tion and gauge choice, they showed that the asymptotic symmetry group of 
higher spin AdS3 gravity is a classical W n symmetry with the same central 
charge in the pure AdS3 gravity found in [8]. This indicates that the higher 
spin AdS3 gravity is holographically dual to a conformal field theory with 
W n symmetry. Similar observation has been made in [9] starting from the 
n — > oo theory. 

Like spin-2 graviton in pure 3D gravity, the higher spin fields in AdS3 are 
not dynamical neither. It is quite interesting to consider the generalization 
of TMG to the higher spin case. It was actually in 1988 that the Chern- 
Simons-like coupling for spin-3 field in flat spactime has been proposed [10J, 
based on the gauge symmetry consideration. The similar Chern-Simons-like 
terms for higher spin fields in AdS3 were suggested in |13j . The full action 
describing the higher spin topologically fields coupled to the AdS3 gravity 
has been proposed in [TTJ 115] . As in usual higher spin AdS3 gravity, it is 
constructed in terms of the frame-like fields. In such first order formulation, 
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it is remarkable that the action of the higher spin topologically massive 
gravity could be written as a Chern-Simons-like action as well. Besides two 
Chern-Simons action with different levels, there is another extra term which 
leads to torsion-free conditions by a Lagrangian multiplier. The presence 
of the Lagrangian multiplier field make the gauge symmetry not manifest. 
Fortunately, it was shown in [12], in the AdS3 vacuum the gauge symmetry 
is reproduced and plays an essential role to relate the framelike fields to the 
physical fields. The analysis of linearized action of the fluctuations around 
the AdS3 vacuum shows that the equations of motion of the higher spin 
fields are the same as the ones obtained from the Frondal fields with higher 
spin Chern-Simons terms [14] • 

In this paper, we would like to study the classical solutions of the higher 
spin topological massive gravity, in the first-order formulation. In the pure 
higher spin AdS3 gravity, the classical solutions asymptotic to AdS3 has been 
studied carefully in [TBI El H] ■ In this case, the solutions are the gauge flat 
connections, under appropriate boundary conditions^] In the case of higher 
spin TMG, the equations of motion are much more involved. It makes 
things worse that we do not know how to impose appropriate boundary 
conditions for the warped spacetimes in this formulation. Therefore in this 
paper, we take the strategy that we do not fix any boundary condition and 
solve the equations of motion directly. We manage to get a class of AdS 
pp-wave solutions with nontrivial higher spin fields. However, it turns out 
to be difficult to find the warped AdS3 spacetime with nontrivial higher spin 
hair. Nevertheless, we find the classical solutions of 3D TMG theory in the 
first-formulation, corresponding to the spacelike, timelike, null warped AdS3 
spacetimes and also spacelike warped AdS3 blackhole. Such investigation has 
not been carried out in the literature. This is another motivation behind 
our study. 

In our study, we develop the notion of special Killing vector (SKV), which 
is defined to be the symmetry generators acting on the frame-like fields via 
Lie-derivative. The special Killing vectors form a subalgebra of the isometry 
algebra. As SKV is also the symmetry acting on the gauge potentials, it 
help us to solve the equations of motion. It turns out that the first-order 
differential equations of motion could be transformed to a set of matrix 
equations with appropriate SKV ansatz, which could be solved in principle. 

Another remarkable fact from our study is that there are usually many 
solutions corresponding to one spacetime. For example, corresponding to 
the same spacelike warped AdS3 spacetime, we find a two-parameter class 
of the solutions in the first-order formulation. And we also find the same 
spacelike warped AdS3 spacetime appearing in different metric forms, due to 
the exchange symmetry in the matrix equations. Furthermore, we find the 
non-principal embedding of SL(2,R) in SL(3,R), which leads to different 

1 For the discussion of Non-AdS solutions in pure higher spin AdS3 gravity, see [19j . 
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warped AdS3 vacuum with vanishing higher spin fields. 

The remaining parts of the paper are organized as follows. In Sect. 2, 
we review the HSTMG theory and its properties. In Sect. 3, we discuss the 
AdS pp-wave solutions with higher spin hair, after imposing appropriate 
boundary conditions to ensure asymptotically being AdS3. In Sect. 4, we 
investigate the various warped AdS3 spacetimes. We pay special attention to 
spacelike warped AdS3 spacetime, though the techniques and results could 
be generalized to timelike, null warped cases as well. We end with some 
discussions in Sect. 5. 

2 Action and symmetry 

The action of higher spin topologically massive gravity in the first order 
formulation could be cast into a Chern-Simons-like form [12] 

Shstmg = ^[(1-^ 1 )Scs[A}-(1 + - 1 )Scs[A}-- J tr(^A(F-F))]. (1) 
where 

S C s[A] = Jtr{A AdA + A A A A) (2) 

is proportional to the Chern-Simons action and 

F = dA + A A A; F = dA + A A A. (3) 

Note that our definition of the Chern-Simons action S^s^] is slightly dif- 
ferent from the conventional one since we have taken out the Chern-Simons 
level k. There are two other parameters in our action. The parameter I 
is related to a negative cosmological constant A = —l/l 2 and is the radius 
of AdS vacuum. \x has the dimension of mass and it is proportional to the 
mass of the massive higher spin modes [12]. There is a one- form f3 in the 
last term, which imposes the torsion free condition. Without it, the action 
becomes the sum of two pure Chern-Simons action with different levels. The 
gauge field A and A are related to the vielbein e and spin connection u> by 
A = ui + e/l,A = u — e/l and they take value in some suitable Lie algebra. If 
the gauge fields take value in SL(2, R), the above action is equivalent to the 
one for the topologically massive gravity. Therefore, for the general gauge 
group SL(n,R), the above action is a natural choice for higher spin topo- 
logically massive gravity. Actually, the study of the perturbations around 
AdS3 vacuum in [12J shows that at the linearized level the action is equiva- 
lent to the one with higher spin Chern-Simons terms suggested from gauge 
symmetry. 
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Variating the action with respect to A,A and /3 correspondingly, we find 
the following equations of motiorH 

O f - k K ' (4> 

F = F. (6) 

where we have defined the two-form K and K as 

K = D A p = d/3 + PAA + AAf3; 

K = D^f3 = d/3 + /3AA + AA(3. (7) 

The last equation ([6j) gives torsion-free condition for the fields of various 
spins and the first two equations (jl]) and ([5]) modifies the flatness condition 
of the gauge connections. However, to have a well-defined variation, we need 
to deal with the boundary terms appropriately. The variation of our action, 
including the boundary terms, is 

5S= [ (e.o.m)+^- f tr(-P-(l--)A)A8A-^- [ tr(-/3-(l+-)A)A6A. 

JM 47r JdM V V 47r JdM V V 

(8) 

There are two kinds of methods to cancel the boundary terms. The first one 
is to add some counter-terms to cancel them, while the second one is to put 
suitable boundary conditions on the fields. In this paper we always assume 
that we can have a well defined variational principal to get the equations of 
motion. In other words, we regard the equations of motion as our starting 
point. Of course, if we are interested in the solutions that are asymptotic to 
AdS3, we require the following reasonable condition that once we are near 
the boundary, the extra lagrangian multiplier should be asymptotic to zero 

P->0, for p -> oo. (9) 

But one should note that these cannot be the whole boundary conditions. 

As we have shown in [12], for general f3, the higher spin topologically 
massive gravity is invariant only under the infinitesimal gauge transforma- 
tion 

5 A A = dA + [A,A], S A A = dA+ [A, A], 5 K p = [/3,A]. (10) 

which can be interpreted as generalized local Lorentz transformation. In our 
case, we ignore the possible subtlety of large gauge transformation. Then 
the finite gauge transformation of f3 can be written as 

p^upu- 1 (11) 



From now on, we set I 
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We may use (3 to classify the classical solutions of the theory. The solutions 
of higher spin gravity with f3 = and /3 7^ are not equivalent. The reason 
is that once f3 7^ 0, one cannot make a gauge transformation (fTTj) to set it 
to zero. At the same time, one cannot make a coordinate transformation to 
make it to zero since /3 is a coordinate invariant one-form. This distinction 
is important once one find a "new" solution, one can check the one-form (3 
to see whether it is really a new solution. 

Note that the point /3 = is quite special since it is the point where 
the gauge symmetry is enlarged. In this case, the equations of motion show 
that the gauge potentials should be pure gauge, which is exactly the case 
in higher spin AdS3 gravity. In other words, all the solutions in higher spin 
AdS3 gravity are automatically the solutions of higher spin TMG. 

In this paper, we would like to discuss the nontrivial solution with (3 7^ 0. 
As we are only interested in searching for the solutions, we do not impose 
any boundary conditions in advance. For principal embedding, once we solve 
the equations of motion (J^HSJ) , we may read the frame-like fields and obtain 
the metric and higher spin fields via the relations 

9 yen = -T2) tr ( e iJ. ■ e v) ( 12 ) 

</W 2M = -^) tr ( e (^i ' ' ' e M3)) ( 13 ) 
e N 

and similar expressions for other higher spin fields. Our definition of the 
metric and higher spin fields in terms of veilbein is the same as pure higher 
spin gravity. The reason are: 

1. The physical fields {(j)u,i—u 3 ) must be local lorentz invariant. 

2. Once (3 — > 0, we need to go back to the corresponding definition in 
higher spin gravity. 

It is easy to show that the above definition satisfy such conditions. It is 
interesting to see whether such kind of constraints forces us to give the 
unique definition. 

3 Higher Spin AdS pp-wave Solutions 

In this section we want to discuss higher spin AdS pp-wave solutions. These 
solutions are much like the higher spin realization of AdS pp-wave solutions. 
Since the equations of motion for fi > 1 and /U = 1 are quite different, we 
consider the /i > 1 case firstly. As we do not want to deform the conventional 
higher spin gravity much, we require 

/3 0, for p -> 00 (14) 
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and we also assume that 

A p = L , A p = -L , p p = 0. (15) 

Note that such requirements should be regarded as part of our ansatz in 
contrast to the higher spin gravity case, in which one can always choose 
a gauge to set the solution to obey (fT5j) . In our case, we cannot do this 
gauge fixing procedure so (fT5j) is just part of ansatz which will turn out to 
be consistent. Under this ansatz, one can solve the p+ and p— components 
of the equations of motion. The results are 

P+ = exp(-ppL )X + (z,z)exp(ppL ); 

A + = exp(-pL )a+(z,z)exp(pL ) + — — 

2(/x - 1) 

1+ = exp(pL )a+{z,z)exp(-pL ) + — — — rr/?+ (16) 

2(/z + l) 

and 

/?_ = exp(-ppL )X^(z,z)exp(ppL ); 

A- = exp(-pL )a-(z,z)exp(pL ) + — — /?_; 

2(/z - 1) 

A- = exp(pL )a-(z,^)exp(-pL ) + —, — — -/?_ (17) 

2(/x + l) 

Note that the above solutions must satisfy the constraints from the H — 
components of the equation of motion 

2(/i - l)F+_ = 2(/i + = F+_ = (18) 

To solve the above equations of motion is still quite difficult, so we further 
make the following ansatz 

A_ = 0; /?_ = (19) 

to simplify the equations of motion. If we further require that all the fields 
are not independent of coordinate z, and take the condition (|14p into ac- 
count, then for the gauge group SL(2, R) we find the solution 

P+ = P(z)L- 1 exp(-pp); 

A + = exp(p)Li + C{z) exp(-p)L^i + — - ^j P(z) exp(-//p)L_i; 
-P(z)exp(-iip)L-i. 



2(n + l) 

P- = 0; (20) 

A_ = 0; 

A_ = exp(p)L_i. 
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The solution (j20|) plus f)15[) give us the metric via ()12p 



ds 2 = dp 2 + \-C(x + ) - ■ /3(x+)exp(l - ^pl (dx + ) 2 + e 2p ci:E + dx~. (21) 

fi z — 1 



This is exactly the AdS pp-wave solution found in [20jj. Note that we 
have replaced z{z) with x + (x _ ) to match the usual conventions of pp-wave 
solution. We can redefine (3{x + ) to absorb the factor j^tzj which appears in 
the metric. We can do the same thing in the following. 

For the gauge group SL(n,R), one kind of higher spin AdS pp-wave 
solutions is of the following form 



0+ = ^/5(s-i)(^)^ (s -i)exp(-(s-l) W ); 



=2 



A + = ex P (p)L 1 +^W(,_ 1) (z)exp(-( S - l)p)Wl {s _ l) + ^— ^ ^ + ; 

1 + = 1 1_ = exp(p)L_i; A p = -L ; 

0_ = 0; /3 P = 0; 

A_ = 0; A p = L . (22) 

Note that we have used the convention of principal embedding and the 
identification W 2 -^ = L-\,W 2 = L\. It is straightforward to translate these 
solutions to the metric- like fields. For the special case n = 3, we have 

ds 2 = dp 2 + \-W 1 (x + ) - -^—h{x + )e { - 1 -^' J ]{dx + ) 2 + e 2p dx + dx~; (23) 

fJL z — 1 



for the metric field and the nonzero components of spin-3 field are 

<f> +++ = (W 2 (*+) + M^L 2 ^), (24) 



up to a normalization constant corresponding to spin-3 field. 

It is surprising that the metric takes the same form as AdS pp-wave 
solution (|2ip while the higher spin fields are non-vanishing at the same 
time! Namely, the turning-on of the higher spin hairs does not affect the 
the AdS pp-wave spacetime geometry. However, for more general solutions, 
this situation changes. We find that when /3_ , /3 p , A_ , A p , A + , A_ , A p 
take the same form as (|22p . A + have a large number of degrees of freedom. 
Actually, we only require that a+(z,z) is a SL(n,R) matrix function of z. 



3 For other forms of AdS-pp wave and other references on AdS pp-wave solution, see 
the appendix A. 3 in [4]. 
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The more general solutions are 

n 

13+ = ^^ (s -i)(^)^ (s _ 1) exp(-(s- 

s=2 

A + = exp(-pL )a(z)exp(pL ) + ^ /3 + ; 



A + = ^i.. , A - = exp(p)L_i; A p = -L ; 



1 

20*"+ 1)' 

P_ = 0; f3 p = 0; 

A_ = 0; A p = L . (25) 

To see what happens we choose n = 3, and set a(z) = L\ + k 2 (z)W2- Then 
the metric becomes 

d s 2 = ^ 2 + [-Wi(x+) - ^-/3i(x+) e ( 1 -^ + 

\x L — \ 

k 2 {x + ){W 2 (x + ) + -^—p 2 {x + )e 2{1 -^ p )]{dx + f + e 2 "dx + daT; (26) 
fi z — 1 

Therefore we find that in this case the higher spin fields contribute to the 
AdS pp-wave geometry. For the spin-3 fields, the non- vanishing components 

include <^ + ++,0+_| , The analysis of the fj, = 1 case goes parallel to 

the \i > 1 case. We give the final result as 

TV 

P+ = E/Vi)(*) w Vi) ex PH*-i)p); 

s=2 

N 1 

A + = exp(p)L 1 + ^W (s _ 1) (^)exp(-(s-l)p)^ (s _ 1) + -p/3; ; 

s=2 

1 

4' 

P_ = 0; /3 p = 0; 

A_ = 0; A p = L ; (27) 

where /3' + denotes d p (3 + . We can generalize this solution by using the same 
method from (1221) to (1251). 



A + = -f3 + ; A_ = exp(p)L_i; A p = -L . 



In the previous discussion, we have assumed (|T9j) to simplify the con- 
straints (|18p . However, there are other ways to simplify those constraints. 
Here we just give one such way. We can assume that the matrix functions 
X + , X_, a+, a + , a_, a_ in (16,17) to be constants, namely, independent of 
any coordinates. Then the constraints (|18|) become 

[A+,A-] = [A + ,A_], 
20*-l)[A+,A_] = \p + ,A-] + [A+,P-.], 
2Qi + l)[A+,A-] = [/3+,A_] + L4+,/?-]. (28) 
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These equations are independent of the choice of gauge group. If we choose 
SL(2,R) and assume that 





= xxLi + x-iL-i, 






= yiLi + y-xL-x, 




a + 


= a\L\ + a-xL—x, 




a + 


= a\L\ + a_iL_i, 




a_ 






a_ 


= + 


(29) 



we find that there are many solutions which leads to well defined metric. 
For example, one kind of solution is 

{ai,a_i,ai,a_i,6i,6_i,6i,6_i,xi, x^x,yi,V-i} = 

{^=1 o, 0, a_i, bx, 0, 0, 6_i, 0, z_i, 0, y_i}, (30) 

y-i 

in which there are five undetermined parameters. The corresponding non- 
vanishing metric components are 

9 ++ = -^-(-a_ ie 2 ' + s-xefr-'O'); 

y-i 

= 5- + = -^i(-a-ie^ + x_ ie ( 1 -^-^(-6-ie^ + y_ ie ( 1 -^); 

= ^(ft-ie^-iz-ie^ 1 -^); 
5pp = 1 (31) 

Note that we have replaced *i~2x ( V f-x ^ *° x -i(y-i)- Certainly, we may 
choose the gauge group to be arbitrary SL(n,R). 

4 Warped AdSs spacetime 

In 3D topologically massive gravity, there are other solutions besides the AdS 
pp-wave solutions discussed in the last section. Among them, the warped 
AdS3 spacetimes are of particular interests. These spacetimes could be con- 
sidered as the U(l)-fibred AdS2 with a warping factor, so they have isometry 
group SL(2,R) x U(l). More interestingly, it has been conjectured that for 
spacelike warped AdS3, there exists holographically 2D CFT description 
under appropriate boundary conditions [15]. Therefore it would be very in- 
teresting to discuss such spacetimes in our framework. 

As the warped spacetimes have much isometry, it would be nice to see 
if the Killing symmetry could be helpful to find the solution. In the next 
subsection, we will introduce the notion of special Killing symmetry. Then 
in the following subsections we use it to find the solutions corresponding to 
the warped spacetimes. 
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4.1 Special Killing Vector 

In the usual formulation of gravity, the Killing symmetry is important to 
make metric ansatz to solve the Einstein's equations of motion. A suitable 
assumption of the symmetry of the solution always simplify the equations 
of motion. In the first order formulation of the gravity, it is frame-like fields 
which appear in the Lagrangian and the equations of motion. It would be 
interesting to generalize the notion of Killing symmetry to the frame-like 
fields. The key observation is that once 

Sfn = = £, x d x e^ + 8^ x e x = 0, (32) 

then the metric must satisfy the Killing equation 

d^gfiv = Sgtrien ■ e v ) = (33) 

then the vector £ must be a Killing vector. A vector which satisfies (|32p is 
called Special Killing Vector(SKV) by us. Note that a Killing vector is not 
necessarily a SKV. Some properties of SKV are stated in the following^: 

1. If £ and r) are two SKVs and k is a constant number, then £ + fj, fc£ 
and [£, fj) are SKVs, too. 

2. The set of SKV forms an algebra which is a subalgebra of the whole 
Killing symmetry algebra. 

3. For arbitrary continuous coordinate transformation — > x >ft , —> 
e 'fi> ->■ if <%e M = 0, then 5^e'^ = 0. In other words, SKV is 
coordinate independent; 

4. Under a global Lorentz transformation generated by A, be = [e,A], 
S^e^ = 0. However, under an arbitrary local Lorentz transformation, 

can become nonzero. 

Actually, due to the fact that Lie-derivative and differential operator are 
commutative, from the Cartan's equation the torsion-free spin-connection 
1-form satisfies 

= 0, (34) 
provided that the £ is SKV. Therefore, we have 

CgA = 0, C^A = 0. (35) 
From the equations of motion, it is natural to set 

£|/3 = 0. (36) 



4 In this paper we focus on three dimension, the generalization to other dimensions 
should be straightforward. 
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The relations (|35l36p are quite restrictive. 

We have shown that the SKV is not local Lorentz invariant. One res- 
olution is that we only require that S^e^ = is valid only in some special 
frames. Another resolution is to change the definition of SKV to make it 
local Lorentz invariant. To require 5^g^ u = 0, the constraint S^e^ = could 
be too strong. Actually, S^e^ = [e^,G(£)] is sufficient, where G(£)is an ar- 
bitrary zero-form depending on the choice of vector. One can verify easily 
that this modification does not change the first three properties of the SKV 
and moreover the concept of SKV becomes local Lorentz invariant. How- 
ever, though this modification sounds attractive, it may break the argument 
which leads to (|35p and (|36|) . In the following discussion, we do not need 
to take into account of the local Lorentz invariance, so that we still use Eq. 
(1521) as the definition of the SKV. 



4.2 Timelike warped AdS 3 

For the timelike warped AdS3, it has isometry SL(2,R)l x U(l). The gen- 
erators of SL(2,R)l can be parameterized as 



sinh 
cosh p 
J2 = d, 

cosh 
cosh p 



Ji = — d T — cosh (j)d p + 2 tanh p sinh 



•Jo = — TTIi — &t + s ™' 1 ~ tanh p cosh 



which satisfy the commutation relations 

[Ji,J2]=Ja, [Jo,Ji] = -J2, [Jo,J2]=Ji. (37) 

If we requires that the above SL(2,R)l algebra generators are the SKV's, 
then the gauge potentials and field (3 should satisfy (|35l36p with £ being 
JiS, we find that 

A = iCodr + (—i sinrCi + cos rC^dp + i(sinh pCo + cosh p(cos rC\ — i sinrC2))c^, 
A = iCodr + (— i sin rC\ + cos rC^dp + i(sinh pCo + cosh p(cos tC\ — i sin rC^^dcj), 
(3 = iBodr + (— i sin tB\ + cos rB^dp + % (sinh pB§ + cosh p(cos tB\ — i sin rB2))dcp, 

where C,Cj,-Bi are constant matrices. Moreover, the equations of motion 
JU[6|) lead to a set of equations 

Ci — [60,62] = C\ — [Co,C2j, 
C2 — [Co,Ci] = C2 — [Co, Ci], 



Co — [Ci, C2) — Co — [Ci, C2] 

,A-[cb,cy) = ± { 



(l-i)(d-[C ,C 2 ]) = ^(B 1 -[B ,C 2 ] + [B 2 ,C ]), 
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(1 - 


fi A 2 




Cill = 


— (Bo - 
2/ 2 


\Bn Cil 




Cnll 


(1- 


-)(Co 


- [Ci, 


Ci]) = 


2>~ 


[Bi,d] 


+ [B 2 , 


Ca]) 


(1 + 




- [C Q , 


C2]) = 




[B ,Ci] 


+ [B 2 , 


Co]) 


(1 + 


-)(C 2 


- [C ., 


Ci]) = 


2>" 


[B ,C 1 ] 


+ [Bi, 


Co]) 


(1 + 




- [Ci, 


c 2 ]) = 


2>~ 


[Bi,Ci] 


+ [B 2 , 


Ci]) 



It is interesting that these set of equations are independent of the choice of 
group algebra. Hence it seems that the structure under these set of equa- 
tions are quite rich. Note that we have 9 unknown matrix to be determined 
while at the same time we have the same number of equations, hence there 
is potential that we have nontrivial solutions beyond warped AdS3 solu- 
tions, though the structure may prevent us giving an explicit result. One 
can also observe that the equations (|38p are invariant under an SL(n, R) 
transformation 

Q -> UCiU' 1 , C t -> UCiU- 1 , B, -> UBiU- 1 (39) 
This is related to the global Lorentz invariance of the SKVs. 



For general gauge group, the above equations are hard to solve. Even 
for the pure gravity with gauge group SL(2,R), one has to make ansatz to 
simplify the equations. It is tempting to make ansatz that Ci,Ci,Bi are 
proportional to SL(2,R) generators Jj respectively, namely 



iC 


= aoJo, 


id 


= a±Ji, 


c 2 


= a 2 J 2 . 


iC 


= aoJo, 


iC x 


= a\J\, 


c 2 


= a 2 J 2 . 


iBo 


= u J , 


iBi 


= UlJl, 


B 2 


= u 2 J 2 



Here the SL(2, R) generators satisfy 

[Jo,Ji] = -J 2 , [Ji,J 2 ] = Jo, [J 2 ,M = -Ji- (40) 

The definition of Ji,i = 0,1,2 are given in the appendix. With this set of 
ansatz, the gauge potential and f3 could be rewritten as 

A = ao<ro Jo + a\a\ J\ + a 2 a 2 J 2 
A = ao<T Jo + 010*1 Ji + a 2 a 2 J 2 

(3 = uoctqJq + u\o\J\ + u 2 a 2 J 2 (41) 
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where 



do = dr + sinh pd<p 
a± = — sin rdp + cos r cosh t 
a 2 = cos rtip + sin r cosh pdtp (42) 

satisfy the identities 

dao = —<j\ A o"2, do\ = a 2 f\ o"o, (io" 2 = 00 A <ti. (43) 
The field strengths are now 

F = (-a + aia 2 )(Ji A cr 2 J + (ai - a a 2 )cr 2 A (T Ji + (a 2 - a ai)(To A (T1J2, 
F = (-a + aia 2 )(Ji A cr 2 J + (ai - a a 2 )cr 2 A (T Ji + (a 2 - a ai)(Jo A (Ti J 2 , 
K = (-u + nia 2 + n 2 ai)(Ji A cr 2 J 

- u a 2 - n 2 a )(T2 A a J\ + (u 2 - u ai - uia )a A o\ J 2 , 
^ = (-ii + uia 2 + n 2 ai)(Ji A cr 2 J 

+(ui - n a 2 - n 2 ao)<T 2 A a J\ + (u 2 - u di - uid )a A o\ J 2 . (44) 

We further make ansatz that ai = a 2 ,a\ = a 2 ,ui = u 2 , then we can solve 
the equations and obtain 

(/i-3)(// + 9) |m — 3| 

a o — 9 , n „ , a\ 



( M -9)(// + 3) ^ 2 -9 
°o — 2 . ^ ' 1 



/" 2 + 27 3|vV + 27 

8(/x-3H/x + 3) 2^-31(^ + 3) 

"° = 3(^ + 27) ' Ul = 3V/. 2 + 27 ' (45) 

From the definition of the metric, 

ds 2 = 2tr{e®e) = ^(a -do) 2 (J%tr( J 2 )+^(ai-ai) 2 (J 1 V( Jl)+^{a 2 -a 2 fa 2 2 tr{ jf ), 

(46) 

we find that 

ds 2 = 2 1 [dp 2 + cosh p 2 # 2 (dr + sinh p#) 2 ] (47) 

where we have introduced a parameter v = ^. This is exactly the timelike 
warped AdS3 spacetime. It certainly has an isometry SL(2, R) generated by 
SKV's, and also another Killing symmetry as the translation along r. Note 
that the U(l) Killing symmetry generated by d T is not a SKV. In a sense 
this symmetry is emergent from our solution. 
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Prom the equations of motion (|44p . it is easy to find the exchange sym- 
metry among clq, ai,a 2 . This suggests that we may make ansatz that ao = a\ 
etc. or ao = a 2 etc.. Then we can find another solutions in the former case 



ds 2 = k (dr + sinh pdd) 2 H — ~ (— sinrdp + cos r cosh pdd>) 2 

v 2 + 3 z/ +3 

,2 



4i/ z 

+ t 2 — ^ 2 (cos rdp + sin r cosh pd<f>)*. (48) 

At first looking, the metric seems different from the one in (|47p . But actually 
both of them describe the same spacetime. 

4.3 Spacelike Warped AdS 3 

For the spacelike warped AdS3, it has isometry group SL(2,R)r x U(l). 
The SL(2, R)r group are generated by the 

~ sm 7" 

J\ = sin r tanh pd T — cos rd p H — ds; (49) 

cosh p 



J 2 = — cos r tanh pcV — sin rd p — d^; (50) 



cos r 
cosh p 

Jo = d T . (51) 

And U(l) is generated by 

3 = d$ (52) 

As in the timelike case, we expect that the above SL(2, R) is the SKV of 
the spacelike warped AdS3. Then from ()35|36p . the possible form of gauge 
potentials and j3 are 

A = Codcj) + (sinh pCo + cosh />(cosh <pC\ + sinh (pC 2 ))dT — (sinh <pC\ + cosh <pC 2 )dp 
A = Cod(fi + (sinh pCo + cosh p(coshcj)Ci + sinh (pC 2 ))dT — (sinh §C\ + cosh (pC 2 )dp 
/3 = Bod<p + (sinh pBo + cosh /?(cosh + sinh (f)B 2 ))dr — (sinh <^>.Bi + cosh (f)B 2 )dp 

where Ci,Ci,Bi are matrix-valued constants. Moreover, the equations of 
motion lead to the following relations 

Ci + [c ,c 2 ] = di + [d ,d 2 \, 
c 2 + [c ,c 1 ] = d 2 + [d ,d 1 ], 
c + [Ci,c 2 ] = do + idud^, 

(1--)(C 1 + [C ,C 2 }) = ±(B 1 + [B ,C 2 ]-[B 2 ,C ]) 

(1 --)(<% + [Co, £i]) = ^-(B 2 + [B ,C 1 ]-[B 1 ,C ]) 
(J, 2(1 
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(l--)(C + [C 1 ,C 2 }) = L(B + [B 1 ,C 2 ]-[B 2 ,C 1 }) 
Li 2/i 

(i + -)(d 1 + [do,d 2 }) = ^(B 1 + [B ,d 2 ]-[B 2 ,d ]) 

(1 + I)(d 2 + [<%A]) = ^-(B 2 + [B ,d 1 ]-[B l ,d ]) 

p 2pL 

(l + I)(C + [C' 1 ,d 2 ]) = ^{B Q + [B x ,6z]-[B 2 ,6 x }). (53) 
fl ~ 2fj, 

We may make ansatz that C, C, .B's are proportional to the generator Jj 
of gauge group SL(2,R) algebra respectively, say 

C = ia Jo, C\ = S1J1, (7 2 = 5 2 J 2 , (54) 

and similar to C, -B's. Then the gauge potentials and field (3 are of the same 
forms as (|4ip. with (To,<7i,<7 2 being 

o"o = i(d(f) + sinhpdr) 

o"i = — i(cosh <j)dp — sinh i^cosh pdr) 

a 2 = — (smhtfidp — cosh (ft cosh pcir). (55) 

We make similar ansatz as the timelike case: d\ = d 2 , d\ = a 2 , u\ = u 2 , then 
we find that 



_ (p-3)(p + 9) _ V-(^-3) 5 
a — 9 , r= j «1 



0«- 9)0^ + 3) = /z 2 -9 
a o — 9 , — , a% 



p^ + 27 ' J v /-( / ,-3)2 v ^T27' 
_ 8(/i-3H/x + 3) „ 2y/-( M -3) 2 (/i + 3) 
U ° = 3(, 2 + 27) ' Ul = 3^ + 27 • (56) 

Then the metric is 

ds 2 = — ^ [dp 2 — cosh 2 pdr 2 H k (deft + sinh pdr) 2 } (57) 

i/ 2 + 3 z/ 2 + 3 v/ 

where z/ = ^. As in timelike case, there exists exchange symmetry in the 
equations of motion, which allows us to find other forms of gauge potentials 
leading to the same spacelike warped AdS3. The details of the construction 
could be found in Appendix B. 

More generally, all Ci,Ci,Bi can be a combination of Jq,J\,J 2 . First, 
we assume that Ci,Ci,Bi have the similar form and proportional to each 
other: (7, = fcjCj and Bi = liC{. With this ansatz, we can fix the coefficients 
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or 



or 



from the equations of motion 

8/x(/x + 3) 2(^+3) , 2(^ + 3) 

l °~ 3(/i + 9) ' ' 1 = ^~' h ~^— ' 
(/a - 9)(/x + 3) M+3 /i + 3 , , 

fc0= ( / , + 9)(^-3)) ' fcl = ^' fc2 = ^3 (58) 

8/i(/x + 3) 2(^+3) , 2Qu + 3) 

' 1 = 3(^ + 9) ' /o "^' /2 "^— ' 

_ (^-9)( M + 3) . _ a+3 . M + 3 , . 

(m + 9) (m _3))> fc o- M _ 3 , fc 2- /i _ 3 (59) 

8^Q + 3) 2(^+3) , 2Q + 3) 

^ 2 " 3(/x + 9) ' ' 1 = ^~' /o "^— ' 

_ (^-9)(/x + 3) , _ M +3 , _ /^ + 3 , , 

fe2 -(/, + 9)( M -3))' fc0 "^3- (60) 

They are very similar to each other, with the subscript exchanged. The 
solutions are consistent with the solutions got above. 

Let us consider the first solution without losing the generality. After 
taking the fcj's and Zj's into the equations, we get 

ft = °' (61) 

Cb-^Ift.Cb] = 0. (63) 

We can set Cj = djJi, then we get algebraic equations for a*-. There are only 
9 unknown numbers, but the equations cannot be solved easily. If we set two 
of a'j are zero, then according to the equations, the other two will be zero, 
too. So, there are only 5 unknown numbers, which could be determined 
from the equations. For example, if we set = a 2 , = = a® = 0, the 
solutions can be written as the following with a\ being free 



o - (m-3)(m + 9) i L 1V2 {y. - 3) 2 2 .12 -i 
a ° = * /i 2 + 27 ' ° 2 = \M a i) + ^2 + 27 ' ai = ~ m2 ' a2 = ~* a i- 

If we set only one of a* to be zero, for example, we set a[] = 0, the 
solutions have two free parameters Oq and a® 



a\ = ka^a®, a\ = —ka^a® (64) 



17 



where we have defined k = T^jw^rn ; Q = h>-i) ■ ^or ^ e case °^ timelike, 
the solutions are similar with a change of sign. Even though there are two 
free parameters in the above solutions, they all lead to the same spacelike 
warped spacetime, as the two parameters get canceled and do not appear in 
the explicit form of the metric. 

We have emphasized before that the matrix equations make sense for 
general gauge group. We may take the gauge group to be SL(3,R), whose 
generators include the SL(2, R) generators Lo,±i and the other generators 
W±2,±i,o- Let us first choose 

Co = aLo , 

C x = 6iLi + 6_iL_i, 

C 2 = ciLi+c_iL_i. (65) 

Then we find the one-parameter class of solutions characterized by c_i is 

d = -l/(4c-ikq), b-i = c_i 

bi = 4b-icfkq, a = —Ab-\C\q, (66) 

where k, q are defined as before. Then the metric are 

ds 2 = — — ^[dp 2 — cosh 2 pdr 2 H — ^ — ^(d<p + sinh pdr) 2 ] (67) 
and spin- 3 fields are 

<f>^p = (68) 

There is no surprise since we just use the principal embedding of SL(2, R) 
into SL(3,R). On the other hand, as we know, we can choose another 
embedding like 

Co = aLo ; 

Ci = b 2 W 2 + b_ 2 W- 2 ; 

C 2 = c 2 W 2 + c_ 2 W_ 2 ; (69) 
The one-parameter class of solutions characterized by C- 2 becomes 
c 2 = l/(lQc- 2 kq), 6_ 2 = c_ 2 , 

b 2 = -16b- 2 clkq, a = &b_ 2 c 2 q. (70) 
The corresponding metric becomes 

ds 2 = — wMp 2 - cosh 2 pdr 2 + ^ (d(f> + sinhpdr) 2 ]. (71) 

4t( IS ~\~ o 1 IS ~\~ o 

This kind of non-principal embedding changes the radius of warped AdS%. 
So we see that in the warped spacetime solution, there exist non-principal 
embedding as well. 
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4.4 Warped black hole solution 

In 3D TMG theory, there exist warped black hole solutions. They are locally 
warped spacetimes and could be constructed by quotient identification of 
globally warped spacetimes. However, such quotient identification is useless 
in finding the solution in the Chern-Simonsdike theory of TMG. Nevertheless 
the singular coordinate transformations between warped black holes and 
warped spacetime are still useful for finding the solutions. It turns out the 
for the spacelike stretched black holes, whose metric is 

ds 2 = dt 2 + —„ — — dr + (2vr - ^Jr + r„{u 2 + 3))dtd9 

{v z + 3)(r — r + )[r — r_) 



+-(3(i/ 2 - l)r + (v 2 + 3)(r+ + r_) - lvy/r + r-(y 2 + 3))d6 2 

with r G [0,oo], t € [— 00,00], 9 ~ 6 + 2ir, the gauge potentials and (3 are 
respectively 

A = V (iaoJo)dt — {—J\ sinhM + 1J2 cosh M)dr 
2u f(r) 

v 2 + 3 

H — (g(r)(ia J ) + f(r)ai(-Ji coshM + iJ 2 sinh M))d6, 

A = ^— —(ia Jo)dt- (- Ji sinhM + iJ 2 cosh M)(ir 
2v f(r) 

v 2 + 3 

H — (g(r)(ia Jo) + /(r)ai(- Ji coshM + iJ 2 sinh M))d6», 

/3 = — — — (iuoJo)dt — rr^-rf— Ji sinhM + iJ 2 cosh M)dr 
2v f(r) 

v 2 + 3 

H — (g(r) {iu Q J ) + /(r)ui (- Ji cosh M + i J 2 sinh M))d5 

with 

M = ^t^(2t + (i/(r+ + r_) - V(^ 2 + 3>+r_)#), 

/(r) = v / ( r ~ r +)( r -»"-)> 

y(i/ 2 + 3)r+r_ 
9(r) = r . 

Unlike the pure AdS3 gravity, due to the shortage of the gauge symmetry, 
the holonomies of the gauge potential do not give the global charges of the 
black hole. 



5 Null Solution 

For the null warped AdS3, its Killing vectors are given by 
Ni = cL, 
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iV = x d- + |<9 n , 

N-i = {x~fd- - u 2 d + + x~ud u , 
N = d+. (72) 

One could take SL(2,R) generators N±i,Nq as the SKV, then one obtain 
that 

A = A dx+ + -M* + ) 2 + Gox++F 0dx _ + -2Aq X + + Gq 

u z u 

with Aq, Go, Fq being constant matrices. Such kind of gauge potential cannot 
lead to null warped AdS3 spacetime. Certainly, it may give us some other 
configurations. 

It turns out that we should choose £7(1) x £7(1) at Killing vectors Nq and 
N as the SKV's. As a result, we find that the gauge potential should take 
the following form 

+ — )d x - + + du, (74) 

U 1 X J \U yf^= J 

where C+, C", CZ, C", C~ are the constant matrices to be determined. To 
simplify our discussion, we set (7Z,C~ to be vanishing and denote C",C" 
as C_ , C u respectively, then we get a set of equations from the equations of 
motion 

[C+,C] = [C+,C_], 
[C + , C u \ = [C+ , C u \ , 
-2C_-[C_,C U ] = -2C--[C-,C V ], 

(1-^)[C+,C_] = ±([B + ,C-]-[B-,C+]), 

(1-^)[C+,C U ] = ^([5 + ,C u ]-[5 tt ,C + ]), 

(l-±)(-2C_-[C_,C tt ]) = ^(-2S_-[ J B_,C u ] + [i? u ,C_]), 

(1 + I)[C + ,C_] = ^([£+,C_] -[£_,£+]), 

(l + i)[C+,C u ] = -L([£ + ,C U ] -[£„,<?+]), 

(l + ±)(-2C_ -[£_,£„]) = ^(-25_ + [#«,£_]). 

The null solution turns out to be 

4 r j + , a 2^! + a 3-k-i _ aoio j 
A = aiLidx H ^ ax H an, 

u 
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A = a\Lidx + + 



02L1 + (13L-1 



dx + 




du 



(3 = u\L\dx 



+ 



U2L1 + u 3 L_i 



dx + 



du. 



(75) 



u 



As above, solving the equations of motion and then one finds the corre- 



6 Conclusion and Discussion 

We have studied the classical solutions of topologically massive gravity and 
its higher spin generalization in the first-order formulation. We found the 
AdS pp-wave solution and its higher spin cousins, by requiring suitable 
asymptotic behavior of the lagrangian multiplier f3. These AdS pp-wave 
solution can receive the higher spin modification. It would be interesting to 
study such kind of higher spin modified AdS pp-wave spacetime. 

To find the solutions not asymptotic to AdS3, we just made ansatz and 
tried to solve the equations of motion directly without imposing any bound- 
ary condition. We introduced the notion of special Killing vector and apply 
it to find the solutions. We managed to rediscover the timelike, space- 
like and null warped AdS3 spacetimes, whose SKV were assumed to be 
SL(2,R) R ,SL(2,R) L and U(l) x U(l) N respectively It turned out that 
SKV are powerful enough to fix the ansatz on the gauge potentials and La- 
grangian field. The equations of motion are transformed into a set of matrix 
equations, which could be solved in an algebraic way. It is interesting to 
see whether this set of matrix equations lead to spacetimes beyond warped 
AdS3. As SKV's form a subgroup of isometry group, the less strict the SKV, 
the more difficult to solve the matrix equations. 

From our study, we also noticed that usually there are many solutions 
of gauge potentials, corresponding to exactly one spacetime. One class of 
degeneracy resides in the gauge potentials, which could be one or even two- 
parameter class of solutions, corresponding to the same metric. The other 
class of degeneracy comes from the fact that the different metrics could de- 
scribe the same spacetime, where the different metrics are from the intrinsic 
symmetry in the matrix equations. Therefore, this poses an interesting 
question how to classify the gauge potentials. Notice that though there is 
no gauge symmetry corresponding to the diffeomorphism, there is gauge 
symmetry corresponding to the local Lorentz transformation, which relate 
different gauge potentials to each other. 

Moreover, we obtained the spacelike warped AdS black hole through 
singular coordinate transformation in our framework. Unfortunately, due to 

5 we need to do some coordinate redefinition in this case. 



sponding metric to b^l 




it- 



it- 



u 



(76) 
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the shortage of the gauge symmetry, the holonomy of the gauge potential 
does not encode the information of the black hole. It seems hard to read the 
global charges of the black hole from the gauge potentials. Similarly, there 
are many gauge potentials corresponding to the same black holes. 

Another remarkable fact is that for the warped AdS3 spacetime, there 
exist non-principal embedding as well. In our study, we are free to choose 
gauge group other than SL(2,R). We showed that in the case of SL(3,R) 
gauge group, it is possible to consider non-principal embedding, which leads 
to a spacelike warped AdS3 with different radius. Such phenomenon happens 
for other warped spacetime. 

There are many open questions: 

• How to classify all the solutions in our framework? This question has 
two-fold meaning. On one side, we need to find a way to classify the 
gauge potentials in our framework. On the other side, we would like 
to know if it is possible to find all the solutions of HSTMG. 

• In our study of the warped spacetimes, the final question is how to solve 
a set of matrix equations. In principle, the equations do not prevent 
us from considering the gauge groups other than SL(2,R). We have 
found the AdS pp-wave with nonvanishing higher spin, it would be 
nice to see if there exists nontrivial higher spin warped spacetime; 

• It would be interesting to discuss the warped black holes with higher 
spin hair. In our study of warped spacetime, we started from the 
ansatz constrained by the SKV. This usually gives global warped 
spacetime. After a singular coordinate transformation, then one ar- 
rive at the corresponding black hole solution. Therefore, once we find 
a global warped spacetime with nonvanishing higher spin fields, it is 
possible to get the warped black hole with higher spin hair. Another 
relevant question, is that once we find the black hole solutions with 
higher spin hair, how to study its physical properties? It seems that we 
cannot define higher spin charges. This is one of the most fundamen- 
tal questions hinders us in higher spin topologically massive gravity. 
Though at the linearized level we have shown that HSTMG makes per- 
fect sense [32], we do not know how to deal with it at the non-linearized 
level besides constructing so many classical solutions. 

• We did not discuss the higher spin perturbations around the warped 
spacetime. It would be interesting to study this issue. 
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Appendix A: Conventions 

In this appendix we specify our convention through out this paper. The 
SL(N, R) algebra and generators can be found in the paper [18]. In our pa- 
per, when we consider the spin 2 case, we always use Li = Wf for simplicity. 
We also use Jo, Ji, J2, these Jo, Ji, J2 are related to Lq,L\, L-% by 

J = \{Li + Ji = - J 2 = Lo. (77) 

When we consider the spin 3 case, we use the notation W m = Wj^ for 
simplicity. 



Appendix B: Other solutions corresponding to space- 
like warped AdS3 

Similar to the timelike warped case, we may use the symmetry to get the 
other solutions. It turns out that we can set do = idi, clq = idi, Uq = iu\ to 
find the solution of equations of motion. In this case, we have 

M-3 - .(/x-3)(/i + 9) 

00 " ~7FW' °* ~ ~ % 1^ + 27 ' 

/i + 3 = .(M + 3)(M-9) 

a o — / = 1 «2 — — 1 9 ; or7 , 

V/V + 27 H 2 + 27 

2(/x-3)(/i + 3) „ , 8(/x-3)/i(/x + 3) 

"° = " 3^ + 27 ' U2 = ~ l WTW) (78) 

and 

A = (iaoJo)d<j) + (— ao Ji cosh <f> — CL2J2 sinh 4>)dp 

+(ido Jo sinh p + ao Ji sinh cosh p + 02 J2 cosh cosh p)aV (79) 

and similar expression for A, f3. The metric of the solution is of the form 
ds 2 = — { (d(f> + sinh pdr) 2 + (cosh <f)dp — sinh 4> cosh pdr) 2 



v 2 + 3 
V + 3 



(sinh (f)dp — cosh <f) cosh pdr) 2 > . (80) 
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On the other hand, we may set ao = ia,2,ao = ia,2,Uo = iu 2 as well, 
which leads to 

A = (ioo Jo) dtp + (iaoJ2 sinh</> — id\J\ cosh <p)dp 

+(ido Jo sinh p + ia\J\ sinh </> cosh p — idoJ 2 cosh ^ cosh p)dr (81) 
A = (iao Jo)d(p + (i5oJ2 sinh <^> — ia\J\ cosh 0)<i/O 

+(mo Jo sinh p + iai J\ sinh </> cosh p — iao J2 cosh ^ cosh p)dr (82) 



with 



M-3 „ .(m-3)(m + 9) 

M + 3 = , (p + 3)(p-9) 

= "T^nf ai= " z ^+27 • (83) 



The metric of the solution is of the form 

1 f , , , , , ,„ 4w 2 



(is 2 = — ^ { (dtp + sinh pdr) 2 -\ — (cosh 0<ip — sinh cosh par) 2 

v l + 3 [ + 3 

— (sinh 0dp — cosh tp cosh pdr) 2 } . (84) 

It is also remarkable the other two warped spacetime satisfy these rela- 
tions as well. For the spacetime ([80]) . we have 



Co = idoJo, Co = id^Jo, 

C\ = Q2J2, Ci=02J2, 

C 2 = a Ji, C 2 = d Ji (85) 
and for the spacetime (|84p . we have 

Co = idoJo, Co = id^Jo, 

C\ = — id J 2l C\ = —id J2, 

C2 = ia\J\ % C2 = id\J\. (86) 



References 

[1] S. Deser, R. Jackiw, S. Templeton, "Three-Dimensional Massive Gauge 
Theories," Phys. Rev. Lett. 48, 975-978 (1982). 

[2] S. Deser, R. Jackiw, S. Templeton, "Topologically Massive Gauge The- 
ories," Annals Phys. 140, 372-411 (1982). 

[3] Y. Nutku, Class. Quant. Grav. v 10, 2657 (1993). 
M. Giirses, Class. Quant. Grav. v 11, 2585 (1994). 
G. Clement, Class. Quant. Grav. 11 (1994) L115-L120. 
A. N. Aliev and Y. Nutku, Class. Quant. Grav. v 13, L29 (1996). 



24 



[4] D. D. K. Chow, C. N. Pope and E. Sezgin, "Classification of solutions 
in topologically massive gravity," Class. Quant. Grav. 27, 105001 (2010) 
[arXiv:0906.3559l [hep-th]]. 

[5] D. D. K. Chow, C. N. Pope and E. Sezgin, "Kundt spacetimes as solu- 
tions of topologically massive gravity," Class. Quant. Grav. 27, 105002 
(2010) |arXiv:0912.3438l [hep-th]]. 

[6] Sabine Ertl, Daniel Grumiller and Niklas Johansson, "All stationary axi- 
symmetric local solutions of topologically massive gravity," Class. Quant. 
Grav. 27 (2010) 225021. 

[7] A. Campoleoni, S. Fredenhagen, S. Pfenninger and S. Theisen, "Asymp- 
totic symmetries of three-dimensional gravity coupled to higher-spin 
fields," JHEP 1011, 007 (2010). 

[8] J. D. Brown and M. Henneaux, "Central Charges in the Canonical Real- 
ization of Asymptotic Symmetries: An Example from Three-Dimensional 
Gravity," Commun. Math. Phys. 104, 207 (1986). 

[9] M. Henneaux and S. J. Rey, "Nonlinear Wjn/imiy as Asymptotic Sym- 
metry of Three-Dimensional Higher Spin Anti-de Sitter Gravity," JHEP 
1012, 007 (2010). 

[10] T. Damour, S. Deser, "'geometry' Of Spin 3 Gauge Theories," Annales 
Poincare Phys. Theor. 47, 277 (1987). 

[11] B. Chen, J. Long and J. -B. Wu, "Spin-3 Topological Massive Gravity," 
Phys. Lett. B 705, 513 (2011) jarXiv: 1106. 51411 [hep-th]]. 

[12] B. Chen and J. Long, "High Spin Topologically Massive Gravity," JHEP 
1112, 114 (2011) [arXiv:1110.5TT3l [hep-th]]. 

[13] Arjun Bagchi, Shailesh Lai, Arunabha Saha, Bindusar Sahoo, "Topo- 
logically Massive Higher Spin Gravity", arXiv: 1107. 09 15 [hep-th] 

[14] Arjun Bagchi, Shailesh Lai, Arunabha Saha, Bindusar Saho "One 
loop partition function for topologically massive higher spin gravity", 
larXiv:1107.20Ml [hep-th]. 

[15] D. Anninos, W. Li, M. Padi, W. Song and A. Strominger, Warped AdS% 
black holes, [arXiv: 0807.3040] . 

[16] M. Gutperle and P. Kraus, "Higher Spin Black Holes," JHEP 1105, 
022 (2011) |arXiv:1103.4304l [hep-th]]. 

[17] M. Ammon, M. Gutperle, P. Kraus and E. Perlmutter, "Spacetime Ge- 
ometry in Higher Spin Gravity," JHEP 1110, 053 (2011) |arXiv: 1106.4788 1 
[hep-th]]. 



25 



[18] A. Castro, R. Gopakumar, M. Gutperle and J. Raeymaekers, "Con- 
ical Defects in Higher Spin Theories," JHEP 1202, 096 (2012) 
[arXiv:1111.3 381 [hep-th]]. 

[19] M. Gary, D. Grumiller and R. Rashkov, "Towards non-AdS holog- 
raphy in 3-dimensional higher spin gravity," JHEP 1203, 022 (2012) 
[arXiv:1201.00l3l [hep-th]]. 

[20] G. W. Gibbons, C. N. Pope and E. Sezgin, "The General Supersymmet- 
ric Solution of Topologically Massive Supergravity," Class. Quant. Grav. 
25, 205005 (2008) [arXiv:08Q7.26l3l [hep-th]]. 



26 



